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Abstract. A particular multi-matrix superpropagator, occurring in exponentially paramet-
rized quantum gravity, is calculated in detail. It is shown that the method used can be
applied to calculate a whole set of multi-matrix superpropagators. Furthermore it is
demonstrated that gauges exist in which the superpropagators belonging to the set behave
well asymptotically.

1. Introduction

A powerful technique has been developed by Ashmore and Delbourgo (1973) to
calculate matrix superpropagators occurring in non-polynomial Lagrangian field
theories. As an example they have demonstrated that the exponentially parametrized
gravity superpropagator

(|- g(x)|“gaa(x), |- 8(0)|“g,s (0)) (1.1)
with
|—8(x)|” 8 (x) = [exp k()] (1.2)

can be calculated in closed form for all values of the weight parameter w. Given the free
propagator of the matrix field ¢, in the form

(B (1), Dy5(0)) = 5(MayNgs + NasTlgy — 2CTaaMys) A(X), (1.3)

where 7,4 is the Minkowski tensor, A(x) is the free propagator for the massless scalar
field and ¢ is a gauge parameter, they first derive an integral representation for the
matrix superpropagator

(B ap(x), 35(0))
for arbitrary N. This superpropagator, written most generally in the form

(¢ 213(x), ¢I;§(0)> = N!AN(X)[%('QM"?B& + NasNpy )N — NaﬁnysCN], (1.4)
is completely determined by the coefficients ay in the relation

(Tr ¢™(x), Tr $(0)) = vNlanA™ (x), (1.5)
where v is the dimension of the matrix field.

+ Aspirant NFWO (Belgium).
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1334 H De Meyer
This can readily be seen from the pair of recurrence relations where v =4:

9bN = 4aN+1 "‘(1 —4C)aN

) (1.6)
9cn = an+1—3(5—4c)an.
For further use the result for (1.1) is quoted below:
{lexp kd(x)]ag, [exp k@ (0)],s)
2 1 d
= 6 NayMps + NasNBy —5 Tlaﬂmam
4c—1 5-2c
T2 (MayNgs + MasTpy) +—5— nasny.s) a(d), (1.7)
18 18
where
a(d)=02-3z+2°/2) exp(=2¢cz)+[(2+3z—2z?)
+3mz(z +3)lo(2) — 372 Li(2)] expl(1 —2¢) 2]|- =2a/2- (1.8)

Lo and L, are the modified Struve functions of zeroth and first order, respectively.

In this paper it will be demonstrated how the Ashmore transform, which is
essentially based on Siegel’s integral, helps for finding a closed set of higher order
superpropagators in closed form. The particular superpropagator

T ={[exp k¢ (x)]up, [exp k¢ (0)],5[exp ¢ (0)],..) (1.9)

is calculated in detail as the result may serve to find the realistic gravity superpropagator
(|~ g(x)[*“8ap(x) 5 (x), |- (0)[**8,.. (0) g, (0)).

As a by-product of our main results, it is found that the asymptotic behaviour (A(x) -» o)
of a set of multi-matrix superpropagators can be anticipated; for any propagator of the
set, a suitable gauge can be chosen which makes the propagator behave asymptotically
well in the sense that no ambiguities arise in the Green function.

The importance of Siegel’s integral in the present context is that it gives an
expression for the determinant of a matrix field to an arbitrary power:

J’ dX’Xiu e—Tr(XY)= 771!(1}—1)/41—1”(“)‘Yl—;.:.~(v+l)/2’ (1.10)
D

where

F(w)=T(u+DIMN(u+3/2)0(w+2)... Mu+@+1)/2],

dX=d""""?x =[] dxae (1.11)

asfg

The integration is taken over all 3v(v + 1) elements X.g Which keep the v X v matrix X
symmetric and positive definite. Initially representation (1.10) is defined for
Re u>—1. When v =1, Siegel’s integral reduces to the conventional definition of the
gamma function (Von Siegel 1934).
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2. The superpropagator 7

Due to Wick’s reduction theorem we only need to consider the superpropagator

(¢§ﬁ(x)s ¢%(O)¢[:v(0)>
with
L=M+N (2.1)

to provide us with an answer for (1.9). Respecting the symmetry of the matrix field ¢,z
the general form of the expression (2.1) for arbitrary M and N reads:

(P as(x), $75(0)¢.(0))
=L !{A (L 5 M7 N)naBny&ny.u +B (L; M N) Nap (T"yy.név + n‘yunﬁp.)
+C(L; M, N)Nys (N Mgy + Nawign) + DL M, N) 0y (NayMgs + NasTpy)
+ E(L, M N)[nay(nﬁunSV + nﬁvn‘o‘u) + TNas (’ﬂBu"?w + nBVn'yp.)
+ nﬁy(naunsv + Tlav"’l.s;t) + nﬁ&(naunyv + navnﬁﬂ-)]}AL (X), (22)

with A(L; M, N), ..., E(L; M, N) coefficients only depending by (2.1) on M and N.
We will now prove that once the coefficients by and ¢y in (1.6) have been spelled out
explicitly, it is sufficient to determine U(L; M, N) in

(Tr " (x), Tr 6™ (0) Tr 6™ (0)) = vLIU(L; M, N)A" (x), (2.3)

for all possible values of L M and N, in order to evaluate
A(L;M,N),...,E(L; M, N).
Taking the traces in (2.2), comparison with (2.3) yields:

v’ A(L; M, N)+20[B(L; M, N)+ C(L; M, N)+ D(L; M, N)]+8E(L; M, N)

=U(L; M, N), (2.4)
while setting 6 equal to u in (2.2) and summing over u gives, with the help of equation
(1.4), the two relations

AL MN)+(+1)B(L; M,N)+2E(L; M,N)=—¢,

2.5
C(L; M, N)+D(L; M, N)+(v+2)E(L; M, N)=3b,. @3

Finally, direct Wick expansion on (2.3), taking (1.3) into consideration, gives:

(Tr ¢"(x), Tr $™(0) Tr ™ (0))
={M(¢e ", dor ' Trd™)+N(d5, Tr oMo
—cM(Tr "', Tr ¢™ ' Tr ¢™) = cN(TT =", Tr 6™ Tr &~ " D}A(x)
(2.6)
=L{{¢or ' bor  Tro™—c(Tro" ', Tr o™ ' Tr ¢™}A(x) 2.7
=L{(¢o, , Tr Mo H—c(Tr "', Tr ™ Tr o™ "NA(x). (2.8)
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Using equations (2.2) and (2.3), the relations (2.7) and (2.8) can be transformed to give
the following relations between A(L; M, N), ..., E(L; M, N) and U(L; M, N):
UL+1;M+1,N)+cU(L; M, N)

=vA(L; M, N)+2[B(L; M, N)+ C(L; M, N)]

+v(v+1)D(L; M, N)+4(v +1)E(L; M, N) (2.9)

UL+1;M,N+1)+cU(L; M, N)

=vA(L; M, N)+2[B(L; M, N)+ D(L; M, N)]

+v(v+1)C(L; M, N)+4(v+1)E(L; M, N). (2.10)
We further introduce two coefficients S(L; M, N) and T(L; M, N) defined by
S(ILyMN)=UL+1,M+1, N)-UL+1;M,N+1) (2.11)
TIL; M N)=UL+1;M+1,N)+U(L+1; M, N+1)+2cU(L; M, N). (2.12)

The set of independent equations (2.4), (2.5), (2.9) and (2.10) satisfied by the coeffi-
cients A(L; M, N), ..., E(L; M, N) yields a unique solution for these coefficients
which reads, in the case v =4:

18A(L; M, N)=3U(L; M, N)=3T(L; M, N)+3b, +2¢;

18B(L; M, N)=—3U(L; M, N)+5T(L; M, N)—3b. —4c,

18C(L; M, N)=—3U(L; M, N)+3T(L; M, N)—3S(L; M, N)-3b, (2.13)
18D(L; M, N)=—3U(L; M, N)+3T(L; M, N)+3S(L; M, N)—3b,

18E(L; M, N)=3U(L; M, N)—3T(L; M, N)+3b..

A(L; M N),...,E(L; M, N) only depend on by, ¢; and U coefficients which proves
our statement,
It is stated without proof that every superpropagator of the form

(Gap(x), Paris (0)da25,(0) . . . pars (0),
with

k
Y M=L, keN, k=2, (2.14)
i=1

can be found from the knowledge of a similar superpropagator with k decreased by one
unit, and from the knowledge of the superpropagator

(Tr ¢*(x), Tr $™(0) Tr $™2(0) . . . Tr ™(0)). (2.15)

We note that with increasing value of k, the number S, of different terms in the general
form of the superpropagator grows very rapidly and is given by

S =2k +2)1/(k +1)12%*,

In the case k = 3 there are 105 different terms which from symmetry requirements must
be ordered into 17 groups, hence requiring 17 coefficients.

We finally note that equation (2.6) has not been used to find solution (2.13), but it is
readily seen that equation (2.6) is not independent from equations (2.7) and (2.8).
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3. An integral representation
Defining an expectation value ® by:
R =(|1+ x| 1+ kSO T+ k"(O) T 3.1)

Siege!’s integral (1.10) is applied three times to & with the substitutions | Y| =1+ x4/,
|Y'|=]|1+«'¢|, and | Y| =|1 + «"¢|. With the use of the formula

(exp(—=Tr Ad(x)), exp(—Tr B¢(0)) exp(—Tr C(0)))
=exp[(Tr AB —c¢ Tr A Tr B)A(x)] exp[(Tr AC—c Tr A Tr O)A(x)], (3.2)

which holds for arbitrary (¥ X ») matrices, A, B and C, we get for ®:

auf | [ S geprirT
9 Jo Jg T L ()L (w)T, (1)
exp[—Tr X'(1+ «'¢(0))) exp[—Tr X"(1 +«"¢(0))D
dX dXx' dX"| XX | X

N L L, .{ V4T, (W)L, (k)T (")
x explx’(Tr XX'— ¢ Tr X Tr X")A(x)]

x exp[rx"(Tr XX"—c Tr X Tr X")A(x)]

(exp [-TrX(1+ ko (x))],

exp[—(Tr X +Tr X'+ Tr X")]

=f ——rg-ryLzrluT[exp( Tr X)J1 = ki’ (X — ¢ Tr X)A(x)| #7072
X|1—kk"(X — ¢ Tr X)A(x)|#"~¢*V/2, (3.3)

where in the last transition Siegel’s integral has been applied twice in reversed order.
Differentiating successively with respect to u, u’ and w” on both sides of (3.3) at the
point —(»+1)/2, one gets
(—=TrIn(1+«@(x)), [-Tr In(1+ k' (0)—Tr In(1 + k"¢ (0))])
d F—
”lu__(v+1)/2 J‘ —;(;—lyl;‘,—m[exp(—Tr X)H-TriIn[1—k«'(X—c Tr X)
X A(x)JH-Tr In[1 - kx"(X — ¢ Tr X)A(x)]}. (3.9

Terms of order (kx')M (kx")" = k"™ k"N are taken from both sides of (3.4) toreach the

integral representation
(Tr ¢"(x), Tr $™(0) Tr ¢™(0)) = LA™ (x) 8,. |~ —y1y2 17 (1; M, N, 3.5)
I(u; M,N)= j' —qf'—.xfﬁi—[expmr X Tel(X — ¢ Tr XYM} Tr{ (X —c Tr X)™].
p T rv("")
(3.6)

We note that settmg either M or N equal to zero in (3.5) and (3.6) with the definition
Tr ¢°(x) =, gives the Ashmore result. To simplify, a relation is sought between
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I¥(u; M, N) and IY(u; M, N):

@M N=3 S (’:f)(}:) L ;n?@fv'i%m[exm—n X))

m=0n=0

x(=¢ Tr X)M*™N""""Tr(X™) Tr(X")

=5 5 (M)(Micanyrvmr L;%

m=0 n=0

X [exp(—b Tr X)] Tr(X™)Tr (X")|5-1.

Rescaling X by the factor b results in:

wsmn= 5 3 ()

MaN-mn LM+ N+puv+v(v+1)/2)
Fm+n+uv+v(r+1)/2)

X(—c) I9(w; m, n). (3.7

The arguments outlined in this section could be repeated for all propagators (2.15). For
arbitrary values of k the problem is always reduced to the calculation of the multiple
integral

0
IO(w; my, my, ..., my)

= I 7135‘%(—‘#— [exp(—Tr X)) Tr(X™) Tr(X™) ... Tr(X™). (3.8)
@ T Fv(”')

The multiple integrals (3.8) for arbitrary k >0 have the common feature of being
involved only in the integrand functions of X invariant under similarity transforma-
tions. This property enables one to bring the symmetrical X into diagonal form.
Although with increasing k the algebraic calculations become more tedious, a standard
technique can be outlined to evaluate (3.8). In the next sections Iﬂo)(p,; m, n) will be
calculated for arbitrary m and n. Note that it is only for simplicity that v = 4 since the
calculations may be carried out for other integer values of v as well.

4. A formula for U(L; M, N)

As stated at the end of the previous section, the matrix X in

1

dx|x
I (s m, n)=—§J X1
T Jp

F4(F~)

[exp(—Tr X)} Tr(X™) Tr(X"), 4.1)
is diagonalized to A by
X =S(0)AS(6),

where @ symbolizes a set of v(»—1)/2 angular parameters. Taking into account the
Jacobian of the transformation defined by

a* 2 =TT A=Al TT dad(6) ¢~ 1/2,

j=i k
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where J is depending solely on the angular parameters comprised in (4.1), becomes

4
19(u; m,m)= =2 ] j et [T -al E a7 3 4 @)
F4(ll«) k= j>1
with vy, a normalization constant determined by the condition that ISO)(p,; 0,0)=

2
v =16.
Now, the Ashmore algorithm can be applied to the remaining fourfold integral (4.2).
The result is:

I9(uw; m, n)—I, () & 4.3)
where (Pfaff),, is the Pfaffian which is deduced from the scheme
lal,z a3 14
a3 Qz4 (4.4)

Qa34

by adding m to every subscript which is equal to / and also adding n to every subscript
which is equal to p, and every a symbol obtained in this way is given by

a,»,»=J’ dAI dA’ E;(A\)E;(A") sgn(A'—A), (4.5)
0 0
with

E,(A\)=A*"""1e™,

As the dimension equals 4, equation (4.3) can be rewritten as:

(1) n n
IQ(u; m,n)= (@ af)+a"al?), (4.6)

r() 1=1 j=i+1

where the indices i’ and j' are the indices of the cofactor of the element a;; in the scheme
(4.4) and (—1)? is the 51gn of the permutation (iji'j’) of the natural order (1234). The
quantities af, ™ and a,, ) are defined by

a7 = HBismonit Gijement Qismisnt Qiinjem), 4.7)
af” =Hai m+ Qiem). (4.8)

Substituting (4.5) in the right-hand side of (4.8) it is found that
a =@ ITQu i+ j+m)al”, (4.9)

with

i’ = (1+8)"3a(2)|:=0=08" €*8,a(2)|. =0

3=9/0z (4.10)
d=(1-3)'(1+ay ' —(1-0y "1+

‘/:TF([.L"FI) © Mu+1) 2\ 2k+1

T /2 Lusiralz) = ‘/—kzo T(k +p+2)T(k +3/2) (5)

where L means a modified Struve function.
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With the same notations it is found from the substitution of (4.5) in the right-hand
side of (4.7) that

afjm,n)__( )2u+1+1+m+nr(2“+l+]+m+n)a(m,n)’ (411)
with
0 0
af]’"’") 2af]m+”)+j f-ﬁ—)m1+n+: $+)n]+m (412)

Recalling the definition (1.11) of T, (u) it is easy to show that

o) = w27 ITQ2u +2)I'2u +4). (4.13)
Finally it is noted that
i'+j=10—~i—j. (4.14)

From the comparison of the equations (2.3) and (3.5) one finds, having used the results
(3.7) and (4.6)-(4.14), the following expression for the coefficients U(L; M, N):

vamn= 25 6) £, 5 G) GG o

Xi i 3| ( I'(M+N+4p+10)
Sl S2A\IMm+n+4p+10)F2u+2)T2u +4)

X[[QRu+i+j+m+n)TQu+10~i-j)(-1)fa*"a’}

+TQu+i+j+mIQu+10—i—j+n)(-1)aj (m) (")]) 4.15)

Apart from the factor I'(M + N +4u +10), the expression in the large parentheses is
identically zero at u = —5/2.

Indeed as 3=<i+j=<7, the two I functions in the numerator only have a pole
simultaneously for some i and j value when m = n = 0. Inthat case however the three I'
functions in the denominator have a pole and the result is zero. If m +n # 0, the result
remains zero as the denominator has a pole of at least one order greater than the order
of the pole in the numerator. Consequently (4.15) can be rewritten as

vaimm=22G) 5 5 6 G) () o

F(2u+l+}+m+n)F(2u+lO-l—-]) _1\P (mn) (0)
XZ Z 2 |_5/2<F(2u+2)r(2u+4)F(m+n+4u+10)( Wai™ ary
FRu+i+j+mIQ2u+10—i—j+n)
TRu+2r2u+4I(m+n+4u+10)

i=1)=i+l1

(-1VaPa), (4.16)

and this expression is valid for all values of L =0.

S. Reduction of U(L; M, N)

We shall now further reduce the right-hand side of (4.16). As analogous argument to
the one at the end of the previous section shows that, given fixed values for m and n,
only those values of i and j must be taken into account which make the argument of at



Calculation of a gravity multi-matrix superpropagator 1341

least one of the two I' functions in the numerator become zero or a negative integer. Let
us first calculate

0)
(~1Paal.

(5.1)

g)_(l)'”"i i | FQu+i+j+m+n)lQu+10—i—j)
2/ 4,5 MTTRu+ 2T Ru +4)T(m +n+4u +10)

If m+n=0, a first non-zero contribution to 2 is found for i+j=15. With the
intermediate result

r’Qu+5) ) _ ((2;; +2)Ru+3)2u +4)°

a“"5’2(1‘(2# +2)T2u +4)4u +10) Tdu+11) ),Lz_s,z =24,

the contribution to & becomes
0,00 _(0) , (0,0 _(0)
248 pinolais a2z +azy @ig).

Proceeding in a similar way for all m and n values the following expression for & is
found:

P=E""6[(m+n)(m+n+Dasr”aQ+2(m+n)asray
20370+ 205 a1+ 126 el 0
(m;n) (0 ") (@ 0,0)_ (0 0,0) (0
— 128, 4n1la13” asi+al3 ")034))'*'125m+n,0(a(14 aQ+af%a}. (5.2)

A second contribution to U(L; M, N) comes from

1\ 3 & TQu+i+j+mlQu+10~i—j+
2a=()77 3§, llurititmCut10-icj 0

= ~1)Pai™a
=121 F(2u+2)F(2u+4)F(m+n+4u+10)( Ve ady.

2 i
(5.3)

A similar calculation to the one used for ? gives
n 0
2 =)™ " {[128m2aZaly —126,1((n + Da3a5? + ¢ 5al)) +63mo(n(n + 1aFesy
+2na{lai+2a3a i} +2alas:)]+ (m < n)). (5.4)

The normalization constant v, is fixed by computing the coefficient U(0; 0, 0). For this
purpose, use is made of some values for aﬁ,‘-’) (g <2) which can be read off from table 1,

Table 1. Some values of af}’) and aﬁ,‘"" (i>j,g<2,q+1<2).

Superscript @2 a3 -7 33 Q24 Q34
{0),(1)

(0.0),(0,1),(1,0 - -3 -3 —4 -8 +4
1,1

(2)

(0,2), (2,0 +3 +8 +32 ~12 —24 42
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and we find that

4 ! Y4 ©) _(0) 1 92

U(0;0,0)=—596a1s0:3 =——1,
w2 T

and vy, must be equal to 77/12 in order to give the exact result U(0; 0, 0) = 16, which can
be deduced from equation (2.3) with »=4. In a similar way it is calculated from
equations (4.6), (5.1)-(5.4) that

U0, )=U(;1,0=4(1-4c¢),
U(2;1,1)=(1-4c),

which is in perfect agreement with the value of the same coefficients calculated from
equations (1.3) and (2.3) by direct Wick reduction. Substituting the expressions (5.2)
and (5.4) in equation (4.16) brings U(L; M, N) firstly into the form:

U(L; M, N)=4(=c)"™N =3(=c)""V M+ N) +5(=c)"™V (M= N’ ~(M+N)]

_% mfo = (N> (M) (—c)M*N-m= "@)Mn[(m +n)(m+n+ 1l

+4(m+n)asy" +6a 7" +2a55" ]

MM = D= Zn_ %, (M er(3) aw

+1—16N(N—-1)(—c)N P O(M)( ey ( ) et

+%N(—C)N—1 mio (f:)(—c)M "'(;) [(m+1)asy +2a5y
+%M(-‘C)M—l 'go (i:l)( " "(;)n[(n+1)a(")+2a(")]

[m(m+1)ai? +4mas? +6a'? +2a5%]

—%(—C)M i (Aq(—c)N_ ( ) [n(n+1)a(")+4na(")+6a(")+2a(")].
(5.5)

To obtain the result (5.5) again, some values from table 1 have been used. Introducing
the definitions (4.10) into (5.5), the following expression for U(L; M, N) is found:

U(L; M, N)= 4(—c)“*”—3<—c)M*”‘1(M+N)+%(—c)M*”'2[(M—N)2—(M+N)]

~7 (e mn(2) " g e - oy
AW o)

+(2-9)""Re'[2(m+n)(m+n—1)(1-)+4(m+n)1-3))(5-)
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+8(5+82)]8a(2)|z=0+{[11€M(M_1)(—C)Mﬁ2 g (f)

n=0

x(—c)”""(%)"a" e (1 —az)zzaa(z)|,=0+:1i1v1(—c)“‘1

N n 1 n "
Xﬂ;{)(:’)(—c)"’ (5) 3" e’ [2n(1-9%2 +2(1 35— 89))0e(z)|; =0

AW

n=0
X(=c)N " (%)na" e’ [2n(n—-1)(1-8*)*+4n(1-3)(5-d°)
+8(5 +az)]6a(z)|,=0]+{m<—-)n,M<—>N}}. (5.6)

The result (5.6) is essential for the calculation of the gravity superpropagator in the
following section.

6. The gravity superpropagator

If one tries to calculate the superpropagator

(I-8(x)|“gag (x), |- 8(0)|*8,5 (0)|— 8 (0)| 8., (0)), (6.1)
with the graviton field h,,(x) defined by the relation

8uv (x) = [exp kh(x)] s (6.2)
and having a free propagator of the form

(hag(x); hys(0)) = A MayMps + NasMisy — 2€ NapMys JA(X), (6.3)

it is sufficient to calculate the superpropagator 7 defined in (1.9), with the matrix field
¢.p(x) defined in (1.2) and the free propagator (1.3). It was already demonstrated by
Ashmore that the gauge parameters ¢ and ¢’ are related in the following manner:

(1-4¢)=(1-4c)(1+40). (6.4)

In what follows we shall calculate the superpropagator J, keeping in mind that at the
end, the parameter ¢ must be expressed in terms of the gauge parameter ¢’ and the
weight parameter .

Expanding the right-hand side of formula (1.9) with respect to the parameter « we
find

7= 3 5 (s, 308NN 65)
_M=0 = (M+N)!M!N! aff X), »8 ¢uv LM+N- .

Replacing the superpropagator in the right-hand side of (6.5) by its general form (2.2)
and afterwards introducing the solution (2.13) in the expression obtained, it is
immediately seen that only

Fam 3 %

M=o N=o (M+ N)IM!N!

M+N
A

LIF(L; M, N)Spprin, 6.6)
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with
A= k*A(x), 6.7)

and F(L; M, N) standing for U(L; M, N), S(L; M, N), T(L; M, N), b, or ¢c;, have to be
calculated.

It is easy to show with the help of the definition (2.11) and the expression (5.6), that
S.x =0, which also means that C,, = D,, according to (2.13). This result could have
been predicted from the fact that the superpropagator (1.9) is invariant to an inter-
change of the (v, 8) indices with the (u, ») indices.

Further, the formula

o © AM+N © (2A)L
bex = M\Z;O NZ=0 M!N! bron = ;:0 L! i,

and an analogous formula for c., show that b, and c., can be deduced from the
Ashmore calculus and may be more precisely recovered from the formulae (1.7) and
(1.8) after replacing k> by 2« in (1.8). The evaluation of T, is also much simplified by
noting that the identity

o o AM+N
9, MZ=0 Nz=,0 MIN! U(L; M, N)SL,M+N
© p\MN
=y ¥ [UL+1;M+1, N)+UL+1; M, N+ 1181 p+n
M=0 N=0 MIN! ’

applied in reverse order to the definition equation (2.12) leads us to the relation

d
=—Ug,+ . 6.8
Tex dA UCX 2CU6X ( )
It is thus clear that only U., needs further detailed calculation. In doing so, after
straightforward calculation the following intermediate result for U,y is found:

U, =4e 2 —6re 2 —e?(/279 [(5 +d) +%(1 -3)(5-9)

2

+%(1 _82)2] aa(z)|,=0—e2*<“2'°>[(5+a2)+%(1+a)(1—az)(s—az)

2
+)‘7(1 +9)’(1 —62)2] 8a(z)|,—r+e2 /4 [ —4(5+3%)
2
—Aa(l—a2><5—a2)+%(2—a2)(1—az)z]aa<z>|,=m, 6.9)
with
A= KZA(X).

Making use of (4.10) it is possible to express the right-hand side of (6.9) in terms of the
modified Struve functions of zeroth and first order to obtain the final result:

U, =4e 2 —6re 2 =V -4—-6A +3A2—2mA (A +DLo(A) +3mA L1 (A)]
+e? VB +IN H3mALo(GA) +mA *Ly (GA)]. (6.10)



Calculation of a gravity multi-matrix superpropagator 1345

Furthermore we also deduce

2d 1- 4c)
bex = (9 a9 )W
1 d 5- 20)
Cox = (18d)« 8 )W)
with
a(A)=(2-3A+3A%) e+ V2O 243X A7 +3mA (A +)Lo(A) —3mA "Ly (A)].

6.11)

It is now only a matter of direct substitution of the expressions (6.10) and (6.11) in the
right-hand sides of:

18A0 = (13 _8120—% d‘;) Ue+ bex+2ccx

18B = (242 ) U= 2b 4

18C. = (_3";12%% di) Ue,—ébe, 6.12)
18D., (_3“;12%% EdX) Uex—g-bex

SIS

which are a consequence of (2.13), to obtain the superpropagator in closed form. Note
that the parameter ¢ must then be expressed in terms of the gauge parameter ¢’. The
superpropagator J is an entire function of the free propagator A(x) and it is readily seen
from the above results that its asymptotic behaviour as A- o is

9~<2 nalaznaamnasao> (KZA(X)):;/Z 2e2a- C)Au) (6.13)

where the summation is taken over the 15 permutations of the 6 indices specified by the
general form (2.2).

All the calculations in the last four sections could be repeated for the higher-order
multi-matrix superpropagators mentioned at the end of § 2, although to carry out these
computations would become an enormous task. Nevertheless it is possible to predict
the leading behaviour of these superpropagators as A-> . Indeed, for an arbitrary
superpropagator

F ={(exp kP (x))ap, (eXP KP(0))ayg, - - . (€XP kD(0))ars.) (6.14)

there will appear in the result a term

k
Z(A)
Lo
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from which it follows that

y~(K2A(x))3/2 ekxz(l—c)A(x)’ (6.15)
as A-> o,

7. Conclusions

It has been demonstrated that the Ashmore calculus for the evaluation of the super-
propagator (1.1) which arises in quantum gravity, can be used to calculate in closed form
a whole class of multi-matrix superpropagators. In order to be able to apply the
calculus, it is essential-to find for each superpropagator an integral representation the
integrand of which only contains expressions that are invariant with respect to a
similarity transformation. Therefore the method does not directly help to obtain a finite
expression for the three-point function

(|-8(x)[*8ag(x), [ =8(¥)“8ys (¥), I=8(2)|“ gur (2)), (7.1)
and the realistic superpropagator
(I-8(%)|” 8ap (X)|~8(x)|“815 (x), |- 8(0)|“8,... (0)]~ 8(0)| 8, (0)) (7.2)

arising in electrodynamics where
L ~~3F,,Fag" (x)g" ().

More powerful techniques must be developed to handle these propagators. Neverthe-
less the detailed calculation of the particular superpropagator (1.9) leads to an
important simplification in (7.2). It was indicated at the end of § 2 that the super-
propagator (7.2) involves 17 coefficients. This number can be reduced drastically with
the help of the result for (1.9), as may be seen from the fact that contractions of the form

Z (ektg(x) exgb(:c) Kd>(0) K ¢(0))
a k2
B=vy
Z z <ex¢(x) Ktb(x) x¢(0) x ¢(0))
vy=0 B=v

are related directly to (1.9). We are currently investigating the problem of how to
extend the formalism to include the important case (7.2). It is also found that the
superpropagator (1.9) behaves asymptotically well in the sense given to it by Salam
(1974), to say that the gauge parameter ¢’ can always be chosen such that no ambiguities
arise as A(x) tends to infinity. From expression (6.15) it is seen that a suitable choice for
¢’ (or ¢) makes all propagators of the form (6.14) behave well as A-» 0o, It is also a
striking result that the fractional power of A in (6.15) remains unchanged for all values
of k. The simple form of expression (6.15) suggests that a method might exist to obtain
the asymptotic behaviour of the superpropagators avoiding their calculation in closed
form.
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